kth-Power residue chains  by Vegh, Emanuel
JOURNAL OF NUMBER THWRY 9, 179-181 (1977) 
kth-Power Residue Chains 
EMANUELVEGH 
Department of Mathematics, ImperiaI College, London SW7, England and Mathematics 
Research Center, U.S. Naval Research Laboratory, Washington, D.C. 20390 
Communicated by S. Chowla 
Received October 11, 1974 
We find kth-power residue chains of arbitrary length. 
Let p be a prime and k a positive integer. A sequence of integers 
rl , r2 ,..., rm 
for which the m(m + 1)/2 sums 
(1) 
are distinct kth-power residues modulo p, is called a chain of l&-power 
residues modulo p. If 
ri , ri+l ,..., r, , rl , r2 ,..., ri-l 
is a chain of kth-power residues modulo p for 1 < i < m, then we call (1) a 
cyclic chain of kth-power residues modulo p. If 
rtlT ri2 ,..-, ri, 
is a chain of kth-power residues for all permutations il , i2 ,..., i,,, of 1,2 ,.,., m, 
then we call (1) a permutation chain of kth-power residues modulo p. 
Naturally if (1) is a permutation chain then it is also a cyclic chain and 
hence a chain of kth-power residues modulo p. 
Recently Gupta [3] exhibited quadratic residue chains for 2 < m < 14 and 
cyclic quadratic residue chains for 3 < m < 6. 
In this note the following theorem is proved. 
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THEOREM. Let k be a prime and m a positit,e integer. There is an m term 
permutation chain of kth-power residues for infinitely many primes. 
Proof: We make use of the Theorem A of Kummer (see [2]). 
THEOREM A. Let k be a prime and y1 ,..., yn an arbitrary sequence of kth 
roots of unity. Then there exist infinitely many primes with corresponding kth- 
power character x modulo p such that 
X(Pi) = Yi > I <i<n, 
where pi denotes the i-th prime. 
Now let N = 2” - 1 and p1 ,pz ,...,p,, all the primes not greater than N. 
Let p > N be a prime given in Theorem A with corresponding kth-power 
character x modulo p such that 
X(Pi) = 1, 1 <i<n. a 
We show that the sequence 
ai = 2i, i = 0, l,..., m - 1, (3) 
is a permutation chain of kth-power residues modulo p. 
First note that the N sums 
m-1 
c Ekak , ek = 0 or 1 (Ed # 0 for some k), 
!I-=0 
(4) 
are distinct integers modulo p. (In fact these sums represent the integers 
1, 2,..., N). Furthermore, since the prime divisors of a sum (4) are found 
among the primes p1 , pz ,..., p,, , it follows from (2) that each sum (4) is a 
kth-power residue modulo p. The theorem is thus proved. 
Using the results of Mills [I, Theorem 31 in place of Theorem A, one may 
find other values of k for which the theorem holds (e.g., k odd, k = 4, or 
k = 2Q, where Q = 4n + 3 is a prime). 
Gupta conjectures that 
m(p) G m(q) ifp -c 4, 
where m(p) denotes the longest quadratic residue chain module p. If this 
conjecture is true, then it follows from the theorem that for given m, all but a 
finite number of primes have a quadratic residue chain of length m. 
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